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ABSTRACT. In this paper we show that for Q, a starlike Lipschitz domain, the
dual of the space of harmonic functions in L?(Q) need not be the harmonic
functions in L7(Q), where 1/p + 1/g = 1. We show that, as a consequence,
the harmonic Bergman projection for Q need not extend to a bounded op-
erator on L?(Q) for all 1 < p < oo. The duality result is a partial answer
to a question of Nakai and Sario [9] posed initially in the Proceedings of the
London Mathematical Society in 1978. We treat the duality question as a bihar-
monic problem, and our result follows from the failure of uniqueness for the
biharmonic Dirichlet problem in domains with sharp intruding corners.

0. INTRODUCTION

In this paper we give a partial answer to a question posed by Nakai and Sario
concerning the duals of harmonic Bergman spaces. Their question, initially
posed in the Proceedings of the London Mathematical Society [9, p. 345] was
whether, for 1 < p < 00, Q c R", the dual of the space of harmonic functions
in LP(Q) is the space of harmonic functions in L/(Q), where 1/p+1/g=1,
1 < p,q < oco. When the answer is affirmative, we will say that the duality
property holds (for the given value of p). We note that every domain has the
property for p = 2, and domains which are bounded and have a sufficiently
smooth boundary have the property for every p.

In 1981 Nakai and Sario [10] showed that the duality property can fail for
Q= Rz\{z1 s Zy5 ... 5 Z,} , and one of the authors subsequently discovered that
duality also fails for the punctured disk.

In this paper we show that there is a p between 1 and 2 and a Lipschitz
domain with an intruding corner for which the duality property fails. We show
that, as a consequence, there are Lipschitz domains on which the harmonic
Bergman projection does not extend to a bounded operator on a full range of
p’s between 1 and oco.

Our approach is to reduce the duality question to a biharmonic problem. We
first show that the duality property is equivalent to the direct sum decomposition
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of L?(Q) into the sum of the harmonic L’ functions and the L? closure of
the Laplacians of C;°(Q) functions. The duality then fails if the spaces have
nontrivial intersection or if the sum fails to exhaust all of L? .

The nontrivial intersection is seen to occur when uniqueness fails for the
biharmonic Dirichlet problem. The direct sum fails to exhaust L’ when the
nonhomogeneous biharmonic problem with zero Dirichlet data does not have
a solution with Laplacian in L? . In either case the counterexamples are con-
structed from biharmonic functions in wedges with angles greater than 180
and with zero boundary data on the edges of the wedge.

1. MOTIVATION AND BACKGROUND
For Q c R? and 1 < p < oo, we define
(1.1) Ly(Q)={ueL’(Q): Au=0in Q}.

Nakai and Sario showed that Lz (Q2) is a Banach space (see [9, p. 344] for

details). They point out that Li(Q)* = Lf,(Q) and ask for which domains the
following property holds:

(1.2) Ly(Q)" =L} (Q), wherel<p<oo, I/p+1/g=1.

Property (1.2) will be called the duality property. Domains Q for which (1.2)
holds will be said to have the duality property.

Our approach to the duality question arises from a second consideration.
Weyl’s lemma (see Morrey, [8, p. 42]) implies that L} (Q) = M” (Q)*, where
M?(Q) is the L°(Q) closure of AC;°(Q). Since LP(Q) is reflexive and
M?(Q) is a closed subspace of L”(Q), M?(Q)"* = M?(Q). Hence L{(Q)* =
L?(Q)/M”(Q). For the case p = ¢ = 2, the fact that L,(Q) = M*(Q)" im-
plies the orthogonal decomposition L’ Q) = Li(Q) oM 2(Q) . It is then natural
to ask for which domains the direct sum decomposition

(1.3) LP(Q) = L} (Q) + M*(Q)

holds. The importance of the decomposition (1.3) in this paper is that it is
equivalent to the duality property (1.2). To see this, note that since L? is
reflexive and M? is closed, we have
L
)

(L4) Ly’ = LQ)" /Ly @) = L (@/M" Q)" = L"(Q)/M’(Q).

It follows immediately that if the decomposition (1.3) holds, then L}(Q) =
L;(Q)". Conversely, if L;(Q) = L}(Q)", then the map u — u+ M”(Q) is a
Banach space isomorphism from LZ (Q) to the quotient space LF(Q)/M?(Q).
This fact together with (1.4) enables us to conclude that the decomposition (1.3)
holds.

For 1/p+1/g =1, L}(Q) C L}(Q)" in the sense that every element ¢ €
L} (Q) gives rise to a linear functional 4, on L}(Q) given by A, (f) = [oof.
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We let i, denote the inclusion map of L} (Q) into L}(Q)". Then Q has the
duality property when ip is bijective.
For 1 < g < 2, applying Holder’s inequality twice tells us that

1/g—1/2
(1.5) // ou < gl liull, < llgl Jlul1Q"4~"72,

where |Q| denotes the measure of Q. Hence for Q of finite measure, LZ(Q)*
- Li(Q)* . Finally, as noted earlier, Li(Q) = Li(Q)* in the sense that every
element in the dual of L,z,(Q) can be represented uniquely as integration against
a function in Li(Q) . We conclude that for p > 2 and Q a set of finite measure,

(1.6) L(Q) c LYQ)" c LX(Q)" = L)(Q).

This factorization of the inclusion L’,’, Q) c Li(Q) implies that when Q is
bounded or of finite measure, i, is injective for p > 2. Since the adjoint of i
is i , Where 1/p + 1/q = 1, we have that the duality property holds for Q if
i is surjective for p > 2.

From now on, we assume the domain to be bounded or at least of finite
measure. We proceed formally, showing how the solution of a biharmonic
Dirichlet problem suffices to show that ip is surjective. For 1/p+1/q =1,

p>2,and A€ L}(Q)", there exists ¢ € L”(Q) satisfying

(1.7) Mu) = // p(x)u(x)dx forall ue Lj(Q).
Q

We want to be able to choose a ¢ € LP(Q) which satisfies (1.6) and is
harmonic. First we find a w satisfying Aw = ¢. If Aw = 0, then ¢ is
harmonic and we’re done. If not, let v be another function, regular enough to
permit integration by parts.

A(u)=//g¢u
=//Q(Aw—Av)u+//QAv-u

= // (Qw/dn —-9ov/on)u — (w —v)du/dn
aQ

+//Q(w—v)Au+//QAv'u-

If Av e Lﬁ,’(Q) and the other integrals are zero, then A can be represented
by an element in LZ(Q) . In other words, 4 can be represented by an element

(1.8)
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in L}(Q) if we can find v satisfying

A*v =0 in Q,

(1.9) Vlpa = Wha

dv/on=0w/on,

and
AveLl’(Q),

or, more precisely, we want v —w € WOZ”J (Q).

Since by assumption p > 2, the inclusion map i : L;(Q) — Lj(Q)" is 1 to
1, and we can conclude that the duality property holds.

It is important to note that the duality property is reflexive in the sense
that L}(Q)" = L} (Q) if and only if L}(Q)" = L](Q). On the other hand,
the existence theory for the biharmonic equation is not reflexive on Lipschitz
domains. That is, the theory for data in L”(8Q) for 1 < p < 2 is not like the
theory for 2 < p < oco. (See Dahlberg, Kenig, and Verchota [4, pp. 130-133]
for details in the range 1 <p <2 in R? and Pipher and Verchota [11, 12] for
proof of existence in the range 2 —¢ < p < 00 In R’ .) This suggests possible
problems on domains with sharp intruding corners.

Some positive results are known for the duality property. For bounded
smooth domains, the property follows from the biharmonic equation approach
using standard results in elliptic theory (see Lions and Magenes [7]). One can
then easily prove the following:

Proposition (1.10). For Q a smooth bounded domain the following are equiva-
lent:

(1.11) I, Is surjective.
(1.12) For ue W*? there is a biharmonic w € W*” with w — u € WOZ"’.

For bounded C' domainsin R’ , Soleve ' ev states [13] that the duality prop-
erty holds. For the unit disk there is a substantial literature on the duals of
harmonic Bergman spaces including weighted versions and those dealing with
the range 0 < p < oo. (See Coifman and Rochberg [3], Ligowcka [5] for a
sample of these results.)

For negative results, Nakai and Sario [9] showed that R2\{zl , ..., Z,} could
be a domain not having the duality property. This follows from the fact that
for Q = Rz\{zl s Zpts Lﬁ,’(Q) consists of functions of the form f(z) =
}:;;l ¢;In|z—z|. By choosing the c;’s cleverly, one can show that for 1<p<
2, L}(Q) has dimension 0 but L}(Q) has dimension at least 1 for ¢ > 2.
By a dimension argument, L} (Q)" = Lj(Q) is then impossible.

Another interesting example is that of the punctured disk D, = D\{0} =
{z € R*:0< |z] < 1}, which also does not satisfy the duality property. This
example is more complicated than the plane minus a finite set of points, since
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the space LZ (D,) is infinite-dimensional. However, in D, (2r—1/r)cos6 and
(2r —1/r)sin@ are in LZ(DO) for 1 < p <2 and additionally satisfy

2n 1
/ / (2r—1/r)cos@ - u(r, 8)rdrdf =0
(1.13) 0_Jo

2n pl
/ / 2r—1/r)sin@ -u(r, O)rdrdf =0
o Jo

for all u € L}(D,) where ¢ > 2. In other words, for 1/p+1/g =1, 1<
p <2, 2<q < oo, every element in LZ(DO) annihilates (2r — 1/r)cos 8
and (2r — 1/r)sin . But by the Hahn-Banach theorem there exists a function
gel’ (DO)* = L"(DO) which doesn’t vanish on (2r—1/r)sin§. As an element
of LZ (DO)* , g cannot be represented by a harmonic function because this
would violate (1.13).

It is also true that A(rInr — r3/2 +r/2)sinf = (3/r — 4r)sinf € Lﬁ(Do) N
MP (D,) , and so property (1.3) is seen to fail as well.

Another interesting property of D, is that the projection operator which
maps LZ(DO) — L,ZI(DO) does extend to a bounded operator on L’ (D), since
an orthonormal basis for L,2,(D0) can be obtained from the usual basis for
Li(D) by adjoining the element Inr.

In this paper we show that there is a simply connected Lipschitz domain for
which the duality property fails for some p between 1 and 2. Furthermore,
we show that the Bergman projection must also fail to be bounded on L’ for
this particular p. The last result is the oppositve situation from that of the
punctured disk where the boundary point at the origin allows for the duality
property to fail without affecting the boundedness of the Bergman projection.

2. THE FAILURE OF THE DUALITY PROPERTY

In this section we show how the duality property can fail on a Lipschitz do-
main with a sharp intruding corner. We construct our counterexample through
the solution of a biharmonic equation. However, rather than showing that i,
is not surjective for some p > 2, we show that i, can fail to be injective for
1 < p < 2. From the point of view of the biharmonic Dirichlet problem this
amounts to showing a failure of uniqueness.

Dahlberg, Kenig, and Verchota [4] have shown that there exists a bounded
Lipschitz domain Q C R’? and a biharmonic function u € Q whose Dirichlet
data is zero. (Azu =0in Q, u =0 and du/0n =0 on 9Q). One would
like to conclude, then, that Au is a nontrivial element in M”(Q) N Lz(Q).
Unfortunately, the construction yields a function u € w322 (). Hence one
cannot conclude that Au € L?(Q). In fact, one has Au € w22 (Q). Instead
we use the existence theorem (Grisvard [6, p. 302]) to construct a biharmonic
function w with w and its normal derivative vanishing on the boundary of
Q and for which Aw € LP(Q) where 1 < p < 2. It then follows easily that
Aw e LI(Q)" and so L{(Q)" # L) (Q).
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Lemma 5.1 of Dahlberg, Kenig, and Verchota [4] proves that there exist
constants y, 4, a with 0 <A< 1/2, n/2 < o < r and a function y(r, 0) =
r*(sin A6 — ysin(A — 2)6) satifying

Ay(r,0)=0 r>0,-a<0<a,
(2.1) w(r, £a) =0,
Wo(r, £a) = 0.

For A a bounded neighborhood of the corner, Ay € L*(A4), provided p <
2/(2—A) and Ay ¢ LP(4) when p > 2/(2 - 1). In particular, for A < 1/2,
Au ¢ L*(A). (Infact Au ¢ L* for 2 >2/(2—2) if and only if 2 < 1). On the
other hand, forany 0 < A < 1/2, thereisa p > 1 for which p < 2/(2-14). We
point out that Grisvard shows ([6, Lemma 7.3.2.4, p. 338] that it is necessary
that a > n/2.

Consider the domain Q whose boundary 8Q = {(r, 2a): 0 <r < 1}US
where S is C™ and completes the domain so that Q is starlike. (e.g., S can
be a circular arc smoothed out when it meets the edge of the sector so Q looks
like Pacman).

Let ¢ € C*(Q) with ¢ = 0 in a small neighborhood of 0 and ¢ = 1
outside a small neighborhood of the origin which does not intersect S. By
Grisvard [6, Lemma 7.1, p. 302], there exists w satisfying A'w = A2¢y/ , with
w and its normal derivative vanishing on the boundary and with the regularity
Aw € LZ(Q); or more precisely, w € WOZ‘Z(Q). Set v = ¥ + (w — py).
Then Av = Azy/ +A%w - Azgot// =0, v|yo =0, 0v/dn|y,q =0. Again, more
precisely, since obviously y — gy € WOZ”’ (Q), we have v € W02 "?(Q). On the
one hand Ay € L?(Q) for some 1 < p < 2. On the other hand, Ay ¢ Lz(Q) .
Hence we conclude that v # 0, since A(w — gy) € Lz(Q) and Ay ¢ Lz(Q) .

As indicated earlier, we now have a function v with zero biharmonic Dirich-
let data and with Av € L}(Q). Forany u€ L}(Q), 1/p+1/q=1,

(2.2) //Av-u= 6v/6n-u—/ v-@u/6n+//v-Au=0
Q oQ oQ Q

Alternatively, the same follows from the fact that v € WOZ”’ (Q). But Av #0,
and so there exists a function g € LY(Q) with [[g-Av # 0. By (2.2), g
cannot be harmonic. In other words, we have proved the existence of a linear
functional on Lﬁ(Q) which can not be represented by a harmonic function.
This means that the duality property fails.

3. THE FAILURE OF THE HARMONIC PROJECTION IN L.

Let Q be a bounded domain in R>. The harmonic kernel function is the
reproducing kernel function for the space Li(Q). A detailed description of
reproducing kernel spaces can be found in [1], but for our purposes the following
short explanation will suffice.
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For x € Q, the solid mean-value theorem and Schwartz inequality imply that
pointwise evaluation of an Lf,(Q) function at x is a bounded linear functional
on Lﬁ(Q). Hence, by the Riesz representation theorem, for each x € Q,
there is a unique, symmetric K(x, z) satifying A K (x z)=0 forall z e Q,
[o|K(x, 2)]*dz < oo, and u(x) = JIa K( (z)dz forall u € L}(Q).
(Note that dz represents area measure in Q)

As remarked earlier, it follows from Weyl’s lemma that L* Q) = Lz(Q)

M*(Q). This guarantees that the opeator Tf(x) = [[,K(x, z)f (z)dz is a
bounded operator on L’ (Q). In fact, T is the prolectlon from L’ (Q) onto
LX(Q).

h

In this section we consider the question of determining domains on which
the operator T extends to a bounded operator on L”(Q) for 1 <p < o.

We recall that D, denotes the punctured unit disk. Now we let K, (x, z) de-
note the kernel function for the full unit disk and K (x, z) the kernel function
for the punctured unit disk. Clearly,

(3.1) Ky(x, z) = Kp(x, 2) + C, In(C,|x|) In(C, |z]) .

Letting T, f(x) = [[q Ky(x, 2)f(2) dz, we see that T, extends to a bounded
operator on L”(Q) for 1 < p < oo. This means that it is possible for
the harmonic Bergman projection to extend to a bounded operator on all of
L? but for the duality property to fail.

We next consider the starlike domain Qp described in §2 and make a small
translation so that the domain is starlike with respect to the origin. We let
Kp(x, z) denote the kernel function for the domain Q,. If the operator

x) = [fo Kp(x, 2)f(2) dz extends to a bounded operator on all of L”(Q,),
then by duality foP |Kp(x, z)|?dz < oo for 1/p+1/g =1 and forall x € Q.
Hence as a function of z, K,(x, z) € L](Q,) forall x € Q,.

We recall from §2 the existence of a biharmonic function v with zero Dirich-
let data for which Av € L”(QP)\LZ(QP). We let w(x) = Av(x) and define
w,(x) = w(tx). Then w, is harmonic and bounded in Q, for 0 <f< 1. In

particular, w, € L,ZI(QP). Hence

=/ Kp(x, Z)w,(z)dz

(3.2)
/ Kp(x, 2)(w,(z) - w(z))dz,

since, as we observed in §2, w € L! 2 (€2p ) . If the Bergman operator T, is
bounded on L”(Q,), we get

(3.3) lwll, < clw, —wl|,=0(1) ast—1.

This would imply that [[w||, = 0, which we know is false. So for this example,

the starlike nature of the domain allows us to infer the failure of the bounded-
ness of the Bergman operator in L?(Q p) from the failure of the duality property
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. We point out that this is in sharp contrast to the punctured disk where

duality fails, but the Bergman operator is bounded on L’ (Dy) -

Concluding remark. The above argument shows that a starlike domain Q has
the duality property for a given p if and only if the (harmonic) Bergman oper-
ator is bounded on L?(Q). A slightly more involved argument shows that this
remains true for domains with continuous boundary in the sense of Grisvard
[6, p. 5], i.e., equivalent domains with the uniform segment property.
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